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Section 1. An extension of the Torelli group as a monoid

the monoid of homology cylinders ZC
= an extension of the Torelli group Z,

LMO functor ZY

= a functorial extension of the LMO invariant Z-MO.
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Homology cylinders

Y x {1}

{ L) L) L) ¥ x {-1}

M: a connected compact oriented 3-manifold s.t. OM = 9(X x [—1,1]),
m: (X x [-1,1]) =, OM: orientation-preserving homeo. satisfying
(Mlsx11)s = (Mlsxg-1y)«: Ho(5:2) — Ho(M; Z).

The pair (M, m) is called a homology cylinder of X.
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The monoid of homology cylinders

ZC = {isom. classes of (M, m)}: the monoid of homology cylinders.

Definition (Isomorphisms between homology cylinders)
(M, m), (N,n): homology cylinders.
If there is a homeomorphism ®: M — N such that

A x [-1,1])
8M/ ) \8N
[

we say that (M, m) and (N, n) are isomorphic.

N
M

(M, m) o (N, n) = =M Um+(x):n_(w) N, where

my = mlgx{l} Y —0M, n_ = n|2><{_1} 1Y — ON.
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Inclusion ¢: T — ZC

The natural map ¢: Z — ZC, ¢([f]) = (2 x [—1, 1], idpottom and lateral Uf) is
injective. Thus,

ZC is an extension of Z as a monoid.

Remark
Capping a homology cylinder by two handlebodies of genus g along the

top and bottom sides, we obtain a homology 3-sphere.

S

/

T capping

ic
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Definition (Y;,-equivalence)

n>1,

M, N: connected compact oriented 3-manifolds.

M ~vy, N if and only if

N is obtained by surgeries along connected graph claspers {G;},_; in M
each of which has deg =n, i.e., N = MﬂleGz"

Example

)

S % [~1,1] ~y, { iva

A AN
G
\v7 :

(
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The submonoid Y,,ZC
Y, ZC = {(M,m) € IC | (M, m) ~y, (X x [-1,1],id)}.
IC =Y1IC D Y5ZC O ---: the Y-filtration.

Theorem [Goussarov '94, Habiro '00]
Q Y,ZC/Y,+1 is a finitely generated abelian group with respect to the
composition.

Q Y,ZC/Y, 4, is a finitely generated group for p > 1.

o0

Y, Zi
(3] @ nLC is a Lie algebra.
n—1 n+1

For M € Y;,ZC/Ym+1 and N € Y, ZC/Y, 11, the Lie bracket is
defined by

[M,N]:=MoNoMoN € YynZC/Ymini1,

where M € Y, IC represents the inverse element of M in
YinZC/ Y1
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The mapping class group M acts on Y, ZC/Y,+1 by changing the
markings from m4: ¥ — OM to m4 o ¢~ !, and it induces an
Sp(2g, Z)-action.

Problem

1. Determine the three Sp(2g, Z)-modules

® A ® M(k) @YkIC
e Ty Z = M(k+1) = Yit1

2. Determine the kernels and images of the homomorphisms

o I'vZ M(k)
mne: D "7 @ M(k +1)’

k>1
I, YA IC
: L B
e Tg1Z e Y1
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The module AS of Jacobi diagrams
Definition(Jacobi diagrams)
A Jacobi diagram colored by {1%,..., g%} is a uni-trivalent graph s.t.

@ each trivalent vertex has a cyclic order of incident edges

@ each univalent vertex has a label {1%,..., ¢g%}.
Example
37 27t —— 9~
\r o+ 4@7 ot
1+ sy 1T —— 927 )

A=A{1%,...,g})
__ Z{Jacobi diagrams colored by {1F,..., ¢g*}}
o (AS, IHX, self-loop) '

deg J = #{trivalent vertices in J}.
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The module AS of Jacobi diagrams
Definition(Jacobi diagrams)
A Jacobi diagram colored by {1%,..., g%} is a uni-trivalent graph s.t.

@ each trivalent vertex has a cyclic order of incident edges

@ each univalent vertex has a label {1%,..., ¢g%}.
Example
37 27t —— 9~
\r o+ 4@7 ot
1+ sy 1T —— 927 )

AC = A({1%, ... gt
__ Z{connected Jacobi diagrams colored by {1%,...,¢%}}
o (AS, IHX, self-loop) ’

deg J = #{trivalent vertices in J}.

M. Sato (Tokyo Denki Univ.) Associated graded modules 9/41



The surgery map
AS: the degree n part of A°.

Goussarov and Habiro constructed a homomorphism
St AS = Y, ZC/ Y41

called the surgery map.

1t —7— 2" -;@;- 1

)
)

— ‘2:)
|| [ <D
R — & & ) &

Fact
© s, is a module homomorphism,

Q s, is surjective for n > 2,

Q 5, ®idg: AS, ® Q = Y,ZC/Y,4+1 ® Q is an isomorphism.
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Thanks to s,: AS — Y,ZC/Y,+1, the module structure of Y,,ZC/Y,, 41 is
much easier than Z(n)/Z(n + 1).

Theorem [Cheptea-Habiro-Massuyeau '08]
Forn >1,
S, ®idg: A;, ®Q=Y,IC/Y,11 @ Q.

Theorem [Massuyeau-Meilhan '03, '13]

29 29 29
For g > 3, 7C/Ys = T/ToZ (= A Hz & 232 T and for g > 1,
Y>ZC/Ys = AS (torsion-free).

Theorem [Faes-Massuyeau-S. '25]
For g > 3, there is an exact sequence of Sp(2g, Z)-modules

0—=TyI/T5T —>Y2IC/Ys —2> S?2H - > 7, — >0,

where C(zy) = p(z,y) € Zs.
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| expect that Y, ZC/Y,,+1 has all information of I',Z/T",,11Z.
By investigating the LMO functor further, we computed the torsion parts
of Y, ZC/Yn+1.

Theorem [Nozaki-Suzuki-S. '22, '25]

For g > 1, as abelian groups,

tor(Y3ZC/Yy) = Lies(Hy,) ® S*Hy,,
tor(Y4ZC/Ys) = 0,
( )
( ) =

tor(Y5ZC/Ys Zs,
tor(YsZC/ Y7

where 4¢° + 69 < < 4g(*9;") + 4¢° + 64 and (%) < s < 44°.
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Lately, we are also studying the Sp(2g, Z)-module structure.
Let ﬁZ2 = H,(U%;Z2) and w: fIZ2 — Hyz, be the induced
homomorphism by the projection UY — 3.

Theorem [Faes-Massuyeau-S.]
For g > 1, as Sp(2g, Z)-modules,

HZ2 ® AZI{IZQ

tor(Y3ZC/Yy) = (NTi)

)

where ¢: A3I:IZQ C FIZQ ® A2I:IZ2 ﬂ) Hy, ® AQﬁZQ.

Corollary
For g > 0,
c: tor(Z(3)/Z(4)) — tor(Y3ZC/Ya)

is surjective.
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Main Theorem [Nozaki-Suzuki-S. '25]
For every n > 1, there are elements of order 2 in Y3, 1ZC/Y2,
and in Z(2n — 1) /Z(2n) when g > 3n.

Proof

In the following pages, we see that there are elements of order 2 in
Yan_1ZC/Yan.

Actually, we can check that there is some element x € Z(2n — 1)/Z(2n)
such that ¢(x) € Y2,—1ZC/ Y2, is such an order 2 element. Since the

Johnson homomorphism factors through Ya,,_1ZC/Y2,,
x € Ker(Z(2n —1)/Z(2n) — M(2n — 1)/ M (2n)).

Using Kupers and Randal-Williams's result, we see that
x € tor(Z(2n — 1)/Z(2n)).
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Section 2. A functorial extension of the LMO invariant

the monoid of homology cylinders ZC
= an extension of the Torelli group Z,

LMO functor ZY

= a functorial extension of the LMO invariant Z-MO.

S Ac(2)

/ 10gu ZLMO

z

log,, ZY

Ic Ae({1%, .. g% )).
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The LMO functor
The LMO functor
Z: LCoby, —SA
is a functor, where
@ LCoby: some category of 3-dimensional cobordisms,
Object: Z>( (+ parentheses),
Morphism: cobordisms between X, 1 to X, 1 with some homological
condition (+ parentheses),
o A: the category of some Jacobi diagrams,
Object: Z>o,
Morphism: Q-series of Jacobi diagrams whose univalent vertices are
colored by {17,...,¢g",17,...,h~} with some condtion.
If we restrict Z to ZC C LCob,(g, g), we obtain a monoid homomorphism

z:=log  Z¥:IC - A°®Q.
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Theorem (Universality) [Cheptea-Habiro-Massuyeau '08]
The LMO functor z := log ZY.IC - A°® Q is universal among

Q-valued finite-type invariants of homology cylinders.

The LMO functor z: ZC — A° ® Q sends Y, ZC to /lgn ® Q.
0, 7Y

Let z,: ZC ﬂ) A°® Q — A¢ ® Q be the degree n part.

Theorem A [Cheptea-Habiro-Massuyeau '08] (Recall)

For n > 1, the following diagram commutes

+id @1 jz"
A ® Q.
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By Theorem A,
2t 1(Yn+1ZC) = (2n+1 0 Spg1) (A yr) = Im(A5 L ® Z = AT ® Q).

So the image is of integral coefficients, and it induces a map
Zn41 i= Zng1 mod Z: IC /Y1 — Aj 1 @ Q/Z,

and it restricts to a module homomorphism

Zn+1: YnIC/Yn+1 — A;:H—l X Q/Z

Theorem B [Nozaki-Suzuki-S. '22]

For n > 1, the following diagram commutes:

Ae — " Y, TC/ Y

Ar1 ® Zo qel A1 ® Q/Z.
2
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Definition (0: AZ — A%, ® Zy)
The homomorphism §: A7 — A, | ® Zy is defined by

= > 6l > uwl),

veU(D) v;éwGU(D)
l(v)=l(w)

where U(D) := {univalent vertices of D}.

v L(v) (v ) 0(v)*
0(v) (v) £(v) . ((v) £(v)

XY
.

where (j7)*:=j " and (j7)* :=jT.
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L(v) L(v)*

L(v) £(v)

Oyt — +

ot L) O(w) {(v)

’ ﬂ T B

where (j5)*:=j7 and (j7)* := ;7.
Example

1+ 9+ 3+ 1+ 1+t2+ 3t 2tat3t1t 3+ 3t 1tot

6
e\ -\ -\
1t 2t2-3F  2t3F3-1t  3+1t1- 2t

A\ A\ A\
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v £(v) L(v ) 0(v)*
((v) (v) £(v) . (v) €(v)

N U L Ly

where (j5)*:= 357 and (j7)* := ;7.

Example

RS aN R S RaAl R AR RS LA S R /A

e\
2t
1t 2t2- 1+ ot1t1- 1t 1t 1t 1- 2+ <>
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where (j7)*:=j and (j7)* :=jT.
Example

2t
1+ 9+ 1+ ot ot 1t 1t
4
NPT
1+
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Theorem B [Nozaki-Suzuki-S. '22] (Recall)

For n > 1, the following diagram commutes:

AS — " S Y TC/ Yo

Ani1 ® Zo P A1 ® Q/Z.
2

Example

2+
1+ 9+ 1+ 1 2t 2t 1t 1+ 1
Garies)( \ ) ) =3 \\7J +;O#0
1+

1t 2T 1+
Especially, 5( w ) € Y, ZC/Y, 41 is a nontrivial element of order 2.
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Furthermore, we also compute the part two degrees deeper in the LMO

functor:

Theorem C [Nozaki-Suzuki-S. '25]

For n > 1, the following diagram commutes:

AS Yo IC/Ynia

52l l£n+2

An+2 ® Zﬁ Aol n+2 ® Q/( )

2

Remark
The part three or more degrees deeper may depend on the choice of

Drinfeld associators, and is hard to compute.
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Proof of Theorems A,B,C

The proofs of the previous 3 theorems are essentially the same.

Q Let J € A¢, and set the graph clasper s(.J) embedded in ¥ x [—1,1]

into some standard position.

@ The LMO functor Z: LCob, — A is a monoidal functor, i.e.

Z2([M[N]) = 200 1 Z(N )i

Hence, it suffices to compute the value of the LMO functor
piecewisely.

© Compute compositions of (the only leading terms of ) Jacobi diagrams.
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0. First, express the trivial homology cylinder ¥ x [—1,1] as a tangle.

L

N N
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1. Set the graph clasper s(.J) embedded in ¥ x [—1, 1] into a standard

position.

1+ 1t

For example, let J =
27 J_L 2+ .

M. Sato (Tokyo Denki Univ.)
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2. Z is a monoidal functor. Hence, it suffices to compute the value of the

LMO functor piecewisely.

M. Sato (Tokyo Denki Univ.)
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log,, Z sends each piece of s,(.J) € Y,ZC/Y; 41 as follows:

1+
e |
-
NN
C\Cf) —
R A A A A R A A AN
SO A A A ez

1+ 1+ 1t

1
— ‘ + ‘ —= )\ + (ideg > 2).
f 2
J 1~ 2~ 1= 2=

If we take the product of the leading terms, we see that
(zn08p)(J) = £J.
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Section 3 Results on the loop expansion of the LMO

functor
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We consider the n-loop part of log, ZX and log , ZY .

A string link is a generalization of a link in S3.
Definition (String links)

Fix n distinct points 1, ..., 2, € Int D2. An n-component string link is a

smooth, proper embedding

a:ﬁ[o,l]—>D2><[o,1]

such that 0(7,0) = (x;,0) and o(i,1) = (x;,1) for 1 < i <mn.

Theorem [Habegger-Masbaum '00]

The leading term of the tree part of log,; Z over string links is equal to
the Milnor invariant.
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Theorem [Cheptea-Habiro-Massuyeau '08]
The leading term of the tree part of the LMO functor is the Johnson
homomorphism. More precisely,

Yo IC/ Y1 =5 AS0Q —» A% 1@ Q

essencially coincides with the Johnson homomorphism.

Theorem [Massuyeau '12]
The whole tree part of the LMO functor essentially coincides with the
total Johnson map

o
9. 7€ — |] Ho ® Liem1(Ho)

m=1

associated to some symplectic expansion 6.
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Theorem [Bar-Natan, Garoufalidis ‘96]
Let K be an oriented framed knot.

The 1-loop part of log , Z5 (K) is expressed by the Alexander polynomial

of K.
knot homology cylinders
The Kontsevich invariant The LMO functor
O-loop | 0 (Milnor invariants for string links) | Johnson homomorphisms
1-loop Alexander polynomials ?
2-loop Z-equivariant Casson inv.? ?

Theorem [Milnor, Turaev, Goda-Sakasai, Friedl-Juhdsz-Rasmussen]
For link complements, closed oriented 3-manifolds M with

dim H;(M;Q) > 1, and homology cylinders, the Alexander polynomial is
the same as the Reidemeister-Turaev torsion with

Q(Z[H(M)/ tor|)-coefficients.
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Theorem[Nozaki-Suzuki-S. '23]

There is a crossed homo. &: ZC — K, (@r) whose reduction
IC — Qn/(I7)"*! is a finite-type invariant of at most degree n.
Especially, it induces a crossed homo. a,,: ZC/ Yy 11 — K1 (Qn/(I7)" ).

Theorem [Nozaki-Suzuki-S. '23]
The leading term of the 1-loop part of the LMO functor is written by the
Reidemeister-Turaev torsion

&: IC — K1(Qr),
of pairs (M, m_(X)) with Qn-coefficient,

Qm
(Imy

where @;r is the I-adic completion of Q, i.e. @r = l&l
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Proposition [Nozaki-Suzuki-S. '23]
@ K1(Qm) = (Qm)%, = Q% @ [, (HE* /(cyclic)),
Q@ K1(Qn/(Im)"t1) = Q* & szl(HSk/(cyclic)).

Theorem [Nozaki-Suzuki-S. '23]

The map a: ZC — Kl(@r) is a crossed homo. whose reduction
IC — K1(Qn/(Im)"*1) is a finite-type invariant of at most degree n.
Especially, it induces a crossed homo. ay,: ZC/ Yy 11 — K1 (Qn/(I7)" ).

Corollary
The induced map
Gn: YoIC/Yny1 — Ker(Ky(Qr/(Im)™*) — K1(Qm/(Im)™))
2l
H®"/(cyclic)

is a homomorphism.
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Definition (The module of Jacobi diagrams colored by Hg)

@Q{connected Jacobi diagrams colored by HQ}
(AS,IHX,multi-linear)

A°(Hg) ==

multi-linear: ‘ = | + ‘ for z,y € Hg.

T+y € Yy

Prop [Habiro-Massuyeau '10]
There is an isomorphism
knt A, ® Q =2 A5 (Hg),
where £, (J) is defined by changing labels from i~ — «; € Hg, it — £,

and adding several terms (up to signs).

Denote by

Zn,1 := 1-loop part of (ky 0 2n): YoZC/Yni1 — A7, 1 (Hg)-
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¢ oy Hg" /(cyclic) — A7 (Hg),

an 41 a

@l an — - as »

p—: HG" /(cyclic) — HZ" /(cyclic),
GUR - @ap a1 ® @ ay+ (—1)"ag @ @ ap.

Theorem (Description of @&,,) [Nozaki-Suzuki-S. '23]

Our homomorphism ay,: Y, ZC/ Y41 — HS”/(cyclic) satisfies
Q@ piody,=-2Z,:: Y, IC/ Y11 — .,4,271(HQ).
Q@ p_oa,=—ESor,: V,ZC/Y,1 — H(gn/(cyclic),

: n+l) C n .
where ES: Hg ® Liep41(Hg) = H® Hg( ) Sz, Hg’ /(cyclic),

and Or2: H® Hg "™ — HE"/(cyclic) is defined by
a® (a1 ® R apt1) — pla,a1)as @+ @ apt1.
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