On the LMO functor constructed by . 20160331

Chept i
heptea, Habiro and Massuyeau Masatoshi Sato

M (Tokyo Denki 'U'niv,)
® Notation

A~
3 Kontsevich int. =

@ %- Taﬂg\es in U=, 1 - Jacobi dlagkams based on 1-mfd

S, ﬂei’le\ra\lize__
L MO'-Konfs_ev'ick
q- Tan‘j\eS N lh’i'eg\rodgz
' /
homology cubes 7
@ bottom- top tangle D
q'€s A~ Lagkana% an cobovdisms
N homology cubes = between cpt swrfaces
) /= o
not homo. s x

Lagrangian Q- cobordisms E’Té—‘) Jacobi o\iagmms based on [-m$d

M | Z(M)
E — ) F
N @ Z (N)|

S mod‘\fﬁy

wonc;id- =z ;
@ Lagmngmn ? ~cobordisms —h% TOP~S(A105‘1'M\T1M Jacobi dfo.a!rams

~

o 5 |

® (;,(\f@c)icob%(%,%) ey 4 (4.9)
Torelli grp | tree pavf(/ N\, loop part
Johnson homo- finite type iv.

e.q. Casson inv.



Reference

[CHM]: D. Cheptea, H. Habiro, G.Massuyeau, ““A functorial LMO invariant
for Lagrangian Cobordisms", Geom. Topol. 12 (2008), 1091-1170

[BGRT1]: D. Bar-Natan, S. Garoufalidis, L. Rozansky, D.P. Thurston, ““The
Arhus integral of rational homology 3-spheres I", Selecta Math. (N.S) 8
(2002), 315-339

[BGRT2]: D. Bar-Natan, S. Garoufalidis, L. Rozansky, D.P. Thurston, “‘The
Arhus integral of rational homology 3-spheres IT", Selecta Math. (N.S.) (2002),
341-371

[CDM]: S.Chmutov, S. Duzhin, J. Mostovoy, ““Introduction to Vassiliev knot
invariants", Cambridge University Press, 2012

[JMM]: D.M. Jackson, I. Moffatt, A. Morales, “*On the group-like behavior of
the Le-Murakami-Ohtsuki invariant", J. Knot Theory Ramifications 16
(2007), 699-718

[LM]: Representation of the category of tangles by Kontsevich's iterated
integral, Comm. Math.Phys. 168 (1995), 535-562

[O]: T. Ohtsuki, “"Quantum invariants", Series on Knots and Everything 29,
World Scientific Publishing Co. (2002)



’ é jchEi diag\mms and operaﬁons

Xl cot or(en‘\'eo\ 1—wrfok,

C 1 finite set.

Jacobi diagrams based on (X.C)

D?jacobirdmgmm based on (x.2)

& D is a uni~trivalent graph

de
whose univalent vertices are either embedded into X
ov colored with elements of C
and  Trivalent vertices ave oriented
Example

X==>=u0  C={12},
2 “l l‘

—

A(X.C)

Ax.c) = (. { Jacobi diagrams based on (X.C)Y . the space of
AS, THX , STU

Jacobi diagrams

AS THX
\r<: \\(5// \\T e \‘ Is \ e
D - — X A Tl X =0
i : Ve AN J \ ,—"\\
STU
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Lemma ( see [01 Prop6.1)
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degvee of Jacobi diagrams

i-deq = #F trivalent vertices,

Q-'ole% = # univalent vertices,

deq = (i-deq) + (e-deg)
2 .
example
2 ! ,
S ;1 indeg= 4 deg= ZE g
.__.il..__"'__). O\ e"dee = 8
Rem

The AS and THX relations preseyve i-deg.,e-deg and deq .
The STU velation presevves deq.

In the Following , we consider the degree completion of A(x.c),
and denote it also by A(X,C)

Xs 1 A(X . cuwist) = A(X 1, ¢)

N .
A(X.Cuist) T A(X 1S , Q)

C‘l Cx C,y S:k
HAM T s 1 | o o So
D [7° g I i D f o [7
] " S J A T T
P Ciq 3
X X
J

wheve _'.'Zl(u)_','_' = AT T - 5. and so on.

FOV S': { S\;S2J .-, Sn} we a,enofe XS:: XS‘OX81 P DXSV‘ )

J



[ emma -4

Let D be a Jacobi diagram based on (X%, c)
With n-legs attached 4+, 15

72 Ce Tt Gk
S L L S
D= . } V1-\€85 O/D: h- o ~T‘~ (O/E Sn)
I J .. . J
A T |
X X
G ¢ Ce
[] L}
] ) '
N VI A --“S.
- --- s
D= :
=S
Pl ]
7 X

(1)) For 0€ESn | D-oD€ A(XT® ) is represented by

& sum e (D) 65 Ja cobi diagrams with at mos+t (n-N-legs attached to Ts.

(2)

Oefine, fov a Jacobi diagram D with at most n-legs are attached to 1%,
‘CV\(D): 6 "'W‘? G%Sn Tn~\(f7«(0)) GA(X,CLL'}S") W5 # atrached |e3$=Vl,
Tpa (D) e <n,

'mducﬁvely, (T, (D) = D B )

Then, Ta(D) does not depend on the choice of (D),
and  T:A(XM,c) — AX.CList) defined by
—C{#aﬁached legs<n = Tn is the inveyse map oF

st A(X.cuist) — A(x15¢c) .

Rem
We can also define Ks:A (X, cuisy) D A(XO®, C) .

but it is not an isomorphism .  TInstead, we have.
Xs
-

AlX,cuist) = A(XTS,C)
A(X, Clist) J

2 g Sy
s-link velation AXT . C) .
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FY'()OS‘ ECDM, §S\’7\|]
(1) When o= (12)

S S
) - . f:.‘:i _ ~,a\ _ f:».'v- _
b-oD =1 0T -l * Tow (D)
& it H

For geneval o€ Sn |

g can be written oas a product G-

-n of {7 it [i=1,~.n1}
Then,

D-¢D= (D-oD)+ oy (D-52D) 4+t OOy (P~6nD).

() For welldefinedness, see CDM.

For a Jacobi o\iagram D with n-legs attached,
(x-T) (D)

X(B+ 7 B T w0
L= oD+

n! CESn

]_

s

P B, ‘(x«»'c) (P«(m)l
o 3}

"e (D)
V—Ll? E&\ (D— G’D )

indaction

\
T aee, 9D
D.

N

\
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) : : -N
comultiplicatjon ‘

let DrA($.0) =AW YDA, ) be the mop defined by
A= D, @D,

DiiD= D
Rem
de A(d.c)
A(O() = d@F+t FDok (ie. o isprimitive )

E d is o linear combination of connected  Ja cobi diagvams‘

Lemma, ([O) Lemma 6\103
« € A(g.c) .
AA(OO‘-‘ dA@d ( j.e. d s gvoup\i\ceﬁ

S e ACg,C) :linear combination of conn. Jacobi diagrams (primitive)
svt. o= exp.
<.>s

Di. D2 ' Jacehi diagrams based on (X, CUS)

S= ‘Su,"-,Sn}, Let us define
ol Y |
< D) : L D2 >S
—-:—-sn‘&kn Qn{sh
e J— 8n ) Sh .
Ejsk";
= D, : Ds 5 k."/Qi for all /
| e
0O otherwise.

For o Jacobi diagram D , we denote .expD = [D]

Example ) , | . L times,
¢ o | ¢ ¢ c o 4 ¢ ¢
1 ~ — .- ' Voeee v
[:]‘,}:‘on!ﬁ : ) {:],:V‘?:ZOFL_’—J—‘L—"
d = c c = ’ .

s
¢ n +imes



Rem

For d € A(X, cuist]) and Xs: A( X, Cuist)— A(XT®, ),

< 1

Sk T Aslah)

Let C-= \Cu Ca, =+, Cnt.

n S5
we denote (] = {13:’:‘\ Ly ; ] cA(s.C).

’
1

S - substantial

A TJacobi diagvam D based on (X, CUS) is S-substantial

1§ it has no strut component both ends are labeled by S.

X . %2 \‘:3 O & S3
0= A C
g‘ C\ C{ c| ’,/'\\
. S Sa
Graussian

G € AX,CUS) is Gaussian w.r.t. S
S a=[51LP,  where
Pe A(X,CUS) : S-substantial ,

L. ¥ voationa | Symmetric SXS matrix

forma!l Gaussian im'egm\

L )
G=13) 1P Gaussian w.v.t. S, and det L¥0.
Then , we define

Ss G= ( ___17._;‘] y P>S € A(X.C),

L2 1
4
i

Example
L‘: (2"'; ) Pzz—-\"""~| -+ \\E."Ce A(¢JCU{|,2">
2

(= (Va))
G=(31uP.

S C ‘2?-. ! /2 ! c

: = i . .~ .- r~ - —~

L) AT NS Lo e o
/ s = Yoo Yy

Y Y N ; NV AL SN L

P dathd

2 ) 5 {r.2} T niehd



2-\
' Ca’regovy of 2-tangles in -1,N3

: 3
Ty 3 the (nonstrict monoidal ) cateqory of ¢ -tangles in [~ 1]

obje ct the Free non-associative magma gen. by {+,-%

Worphism * Framed. oriented tangles ¥ € T, (u, 1)

(Y FIv=1ul+lv)

/

(2) 37 are uniformly  distributed along T-1,17 % Jobx §1
(3) In the top Squave ,

T starts From “+” and ends at “-*
In the bottom square,

¥ stavts From *~” and ends a+ ="
+ (4 =)

)

b . -

)
”
Vd
4
4

VIR R AN
(- H)e-)+

composition & tensor product

’(1 ° Tz = 2
T

TOW s %]

Ca’regok)/ oF  Jacobi diagrams on 1-mids

(oviented. )
A  the (strict monsidal) Category of TJacobi diaamms on 1-mids.

object U associative words in the letter {4',‘},
movphism: A (u,v) = Y

ax A (X)

corr. o (u. 1)
+ + =

k\U
N1 AN

-+t =+




© Thm [LM)

There exists a tensol - presevving Sunctoy

”~\

23 Ty — A
T o Z(F) € A(Y.8)

Values of 2
A [ T (4 _ A [+ )+ ) .
Z(Jﬂg)-i, 2(IVi)- 9"
A (T (+ +)y o
(MRS,
o ' (f\frs ,
(W)@, 2(0)=
Sihce N '
i) Ay
+ 2y A 4) h S| < 523
(+ =) + -Ug
' ESJE -

¥+ we e v=(ER) € AG4)
J

1§ we choose a rational and even Drinfeld associatov
\
T = 1t PP+ (degza) e A(Y) L V= Itaz I\, + (deg2@) €A,

We modify %,a’and define Z":'Tg — A by
(t =) : :
(W)=, 2(0)) = D

and Jov othey elementary Y- tangles == 2



{' ExamEle
Assume +‘na’c csrwSeV\ Drinfeld associator ® is rational
Then, = H’* t?i + (oleg"(-) ondh

i A - S U -~ ¢
(/‘\/) T AT A Y 2

L, L) 44 O
e 4 (Y- i) ta 2+ (deg2d)

2-3

and even

® Recall that & = Z(&ZV)’ l+— t"l:l-i-(o(eg"f)e;‘\(lil ¢),
and V= Z (\ P = l+;;‘§ ot (degz4) € A (\J)

9‘—7"‘

.."
- o o]

~
[

——



Example | 2

Assume that chosen Drinfeld associator is rational and even._

Ao (¥~ /)% ¢ 4 S 9 %
"Z(Mx)=[i]ﬂexpu(¢+§ég 4z N - b +(-'-deg,23))
'x x [}

© Recall +hot

T a(TT-3"Y) + 45557 + ¢ T (AR
T (T -1 F) ]~ & T gz
=%+*T+§TT+%?+¢'§W
T+ (T 4 57 - F a6 T |
313 -2 =T 1t (degz )
=-*—+T+§"‘;T+7;§’,"+2;%W+ i

Fov comected diagrams , i-degqz deq-L.



| Homolog_y cubes

A ho?\no\o%y C,Mbe 1S o Paiv (M /’W\), wheve

M is & cpt conn. oriented 3-md st. Hx(M) Y Hy (01 0%) .

M-, 1P S oM ori-pres. homeo

Cafegow of %-tangles in homology cube s

To Cub 1 +he (nonstrict monoida) ) cateqory of %-tangles in komology cube s

object U the Fvee non-oss. magmo  gen. by H,-h
movphism. & Sramed oriented tangles ¥ in homology cabes B
(B.7) € Tp Cub (w1
) #F 37 = w1

(2) 37 ave uniformly distributed ollomgr m ([=L.0x{o} x{211) |
(3) The orientation of 3% covr. to WU and V.

U €A
Vs § g (razioa) = § (M)

m
‘ t oy L
‘ A(O.8) . [ exp(#31) 4L (¢47¢ ¢ + deg23)
A(1x0)

- L

2T

D)

+ o+ deg 23 € A(¢)

Novmq\iza‘rion

Loy i a ¢-tangle in [-1,11°%
We set Z(1Yux):= v®"°“’nﬁq Z(Luz) € A(Luw).

Example

LtO'%:T c -,n°
Z(Lva) = Z(OY) u = (f))

&t eaton)

1)

n



| | 2-6
Surgery presentation

(B.¥) € T Cub (uw,2r) |
(L-¥) & surgery presentation of (B.7).

S () L is a framed oriented link in [=L11% st [“‘I'—Ji:BJ

ded 3
(2.) T iS (0§ % fan\ﬁ‘e |.Y\ I*‘l;‘] S\.—t..

surgery along L waps (L’ =) o (B.?)

kor\'l'sevich—L MO invayrrant

(B.¥) € r]%Cu.b (u, ),

Z(8,7) = U™ v X2y ZP0r) € Al
)Ly T etk %

where (L,¥) is a surgery presentation of (B.?),
(6+ (L), 9-(L) denotes +the signature oF the linking matrix of L.

Rem
When B=[-L11° (L=¢),
Z(B8.%) = Z(?) € A®) : (modified) Kontsevich -integral .
When =9,
Z(B.¢)= UM U (L Xy () €A>9)
LMD invariant,

Thw |
Z(B.7) does not depend on the cholce oF & sargery presentation.
Lemma 3,10

(B.?2) ¢ a bottom ~top ¢ - tangle in a homoloqy cube B .

X7 Z (B.2) € AL, (o)) is grouplike,

ongd  its strut-part s (L‘;s(%]



" bott top tanal boﬁom--rop tangles & Lagrangian cobovdism
ottom - top tangle

For 321, take (29)-points in Lo0.11? as below .
2
0,1 by X ¥ X X -
( ~l [?' % P2 ‘Zz 53 g;}

(B.¥) s a bottom~top *ravx%\e of +ype (3+,9.)
© B=(B.b) is a cobordism From [0.10* +o To.11?  and
F= (¥, ¥) s a Framed oriented tongle s.t.
T ovans fvom P5x{ 1l 4o 9 x 11}

5 A *{“‘} Pixd-tf

'75';

;2 } type (3.2)

(omposition & tensor product

(B.7) ' bettom-top tangle of +ype (%+,9.),
(c,v)t (h\‘,h—)/ Fi=h-.

/

Ty = ¢ o)
rce )
(B.¥)-(c.¥) = Ty, ¢ [-,10%| & surgery «long T UTg L U7,
TCB

Category oF bottom-top tangles 11

YTt the (strict wonoidal) category of botrom-top tangles
Objed' v Zzo

/

morphism ¢ (B.b) € § T (9,,9.) : hottom=-top tangle of type (3. -



* ioleV\'l'i’rZ

¥
idg = ,':-/_Ji:_if'j\/‘t%—" < :T(Q,%)

©
rch |
(B.¥)eidg = ]['\‘ [d Sﬂy /| - (B.?) .
\J UJ
Lf\ [) ) /)

(B,7) * a bottom-top tangle in a homology cube,

B:= B y (SN [-1.113) .

N + _—
’X" = -B’f Y P;%l'

TF: k,ﬂ v ﬂa

Let us define +he linking matrix of T by
Lkg(?)= Lkg (%),

3-2



1

' (',o\')OVO\\'SWI

(M,m) ¢ o cobordism From Fgy to Fa_

& M=z cpt conn. ori. 3'—m§d/

m ’ACgf S, 9M ori-pres. homeo

Category oF cobordisms Cob

Cob t the (strict monoidal) cateqory oF cobordisms
object ! Zz¢ -

morphismi (M, ) € Cob (3, 2-) ¢ a cobordism Srom Fa+ to Fg_

M .
MeN= T MAN = M[NT .

/




* -4
© Thim 2,10

=1)) :‘i'T—q» Colbb isomov?h\'sm,

Proo¥
(B.?) €1 7T(%4,9)

€ Cob (.%-1»4 %--)
S

b -

wheve the markings oF Fa: e given by the meridians

and \onﬁh‘ude: o tangles .

4@ “"ﬁ@_7= Fq

By a‘n‘achina 2-hdles a\ona M_(Ai) and My (By) (1SiS3-, (5§55 %+)

we obtain a cobovdism From T0.11° +o [0,\]2/

and o tangle comes Fvom the cocoves of these handles

This  construction gives the inverse of D.

° fun c+oviadﬁ>/

(B.¥) €L 7T(9+, 2.) and (C.v) GiT(M,"‘\;) can be written as
the Sorm - j "

(i=t,2) 7

wheve +thick fmes and Li ave links a\onj Qkic,h Surgevies applied



- Then, +the composition of corr, 3-mEds M N i3

/1
s,

77)
Mo N = _ﬁy >§£ ,
f// A

and it corresponds to

La

j—j

RS
1 -

T —

/
Tg_ =

N

N

Ly

LA A

=]

Lagrangian cobovdism

Ag = Lok o, -, dhg> C Hi(Fg),
Bg = <61, B2, . By

(M, M) € Cob (3+,3.) is Lagrangian

& ) M. ®@Msi: Ag.® Bg, — H,(M) is an isomorphism ,

) M+ (Ag,) € M-(Ag) in Hi(M)

Rewn
(1) L: MCG(Fg) — Cob(3,8)
h o (Fyx Gl (Tdst) o Chedib)

(s an injective homo.

(2)  L(W) is Llagrangian S W(Ag) = Ag

L & surgery a‘on% L,

3-S



! 3-6
¢ Lewma 2.12

(B.2) €T (%..9.).

D(B.?) is Lagrangian & Lk (3*) is trivial, and B is a homology cube .
Proo$

(M.m) = D (B,7) .

Since B=M v (.l?. N () U _& N (7)) | we have

H.(B) - |~h(J— IN (i) u-u- IN(T))

— H,(M) ® H, (Jl N (i) vlL N(—m)—e H.(8)
e—

S
Y H(B)= Ha(B)= O .

& H (L aN('er.-*)vifx‘"'aNnr,—“i) = Hi(M)

(ie. Hi(M) is freely genevated by +the meridians of the tangle ’b";i)
S H(M) =< &, 03, BF, -, B2 > |
© HM = M (Ag) ® Mi(Bgy), )

Ow -the other hand.
Lk (oY) is rivie
& Mk (di,al)=0 (Isizj=aqy),
When (%) is satisfied , "Rk (A, o)== Ll (A.dg,)=0S K € m-(Ag-) .
Thas, Ak (a, a5) =0 & Mi(Ag) C M (Ag)

74



. -
~ Lagvangian - cobordism

(MM, we(M), wo (M) s o Lagrangian %~ cobordism

& (M.m) is a Lagangian cobordism $iem Fa to Fr , and
W{-(Ms and W (M) ayve non-ass. words ot len31—h 4 and

in the Sing\e lettery o,

Ca*tegory of Lagrangian %-cobovdisms KCobg

L Cobg ¥ the (non-strict monoidal) category of Lagmhgian 2 - coborv disims

object * the free non-ass. magma gen, by

J

movphism 3 (M, m, we(M) | wy(M)) € RCob (w,v)
W v
wheve (M.,wm) s a lagrangian cobordism From lul +o 1M

Rem

D™ Cob . TT induces o Sunctor LCobg — TpCub
° — (+-)
(M,m) — D7 (M,m)

Z(M)

For o Lagrangian ¢- cobordism (M, M) from g +o Fs

we denote Z(M)= Z(B,%) € A(z)= A A1, g)

wheve L31= {1,297

Rem
By lemma 212 and Lemma 3,11 , X' Z(M) € A(?, LaTyLsT17)
AN [ S Ve Ve Ve
Lk (o) Strut-part
is4rivial

is [ U;B@'):l

is L9717 - substantial .



: é LMO S'QY\CTOV' 2 : iCobZ — tSA

top - substantia |

£.920.
A Jacobi dm.gmm based on A (¢, Ta1tu18517) is +op ~-sabstantial
J o0t is L1971 - substantial . :

O 3 27 3" X ! 2t
)\ % )\ ~
2t 3+ *

'tSA

The (strict moroidal) Category of -l;op-Subsfanﬁal diagrams

object 1 Z>o ,

ovphism » %S A (g £y 1 4he subspace of A (#, [917uI$17)
spanned by top-substantia| diagrams

composition & tensoy product

X €EA(S.S), BetSA(h, 9)

Xo4 = < (x/l""H,'*) (‘d‘/‘ H,*3>Lg.’*
_ ( sum of all woys of glumg the it-coloved vertices of 3{)

Yo the i"-coloved vertices oF 4 For all =i+, @
Example vt et
it (* 3 P E. ? et
13 [ D:I il ;
- @ g B o
' Sl g 2 : c
2 veE 2" 2~ ;2T rxy
dentity + 2
= : + !
dg [L+-+l ]
Rem

For o Lagrangian ¢- Cobordnsm (M. M) From F?» To F*/
X'Z(M)EA(g LartuLs1T) is.in “A(_%.fr).



¢ Llemma, 4.5

Qe A(q,$). bESA(R.3) st

O&={-—§‘]_\_\_ & and bz[-g] L \O\(_,

wheve A is a symmetvic (L9T 0 L5T) x (LYo LST) matrix

and B (L.M*'Vu La7) x (LY v i917) matrixk
o the Form
_ (0 AT X ( 0 B’f‘)
Th Qob = A 0 B*A*- v AS LY
e, eb= (2 (] B AT+ AT B“A+->] w(avs ey

W‘\eve

AR »
X®9- <(7(/;+H ¥+ Bt~ 4 A‘*B"‘;“')

Fd

(0872 /- ix YU (/- o g At 1) P

Lg ¥
Rem ,
= - = = O_ I%Q
When $=9=h and A=RB (131- K )/

9= U o iain) (% iy o) Dig

Rem

5 & and b i 3Y0(AP‘1’(CQ,J 0> b is gVoup“ke as well .



ALY V)

A Y%
AOCY YY) = x;‘( LG ) € A(%, fxurt)
- e S ¢ y vy ¥ T
—X(g*,} + +5 1 ‘1’3}3_,-1'.‘:‘;'{’")
_ X ¢ AR ' x g I
S A L S I N
SR S A S T
Lemma
x 4 P G | x % 4 y ¢
J ;\" :[ } ; -‘- \Ng .—l.. N 34 N \’2( bl .
A Oy v ;.+;+2T‘|’lz g » -+ ]
v v
Baker - Campbell ~Hausdov$ seyies
Thus, A %5Vv) is grouplike. |

Proo§

]

For a connected +vee with one r-leg

‘ o - times
Xr(exp.ﬂ.(?)) = Vga —Yll_" Di r“__j

2 vea( )

(og efe?

—

n
‘>e|
~ 1

—

The element is a lineav combination of - conn. o’l'u‘aﬁmms

o et o
Thus, Xy (L):(_” Ej_, ) S ( ©XPy .l:a._. %.) = SXPu (l %—eie%)-'

‘i c A(¥ {x,:t,v})J

g

¥



' 4otp
© (%, )

‘"'(9(_1__)7(_'): —U_:l i U_:‘ 1L SV'_". < k(QC~,Ld'—; Y--.) LA (X‘i'J e Y‘*’\/‘X-IZ(T"”))#F

. )
~ o % g -1 /+
(X)= 'Xyii <.U_L'l; [ [ - 'ngZ(M% )>‘d‘i‘
* Y14t Be -
- A Y4 - ‘?- SN
=X, CLALL,, 0 B0, XFEaET) >,
| At ‘j-zd- ' “@
()
S T Y+
= iy X" (T?)
] —— Y V-
(-
Xt Y4
=[] e A, {neved)
Lemma 4.9

T (e, %) is' grovplike in 74\( B, 1%t . and its strut pavt is [9{,]
. o« ~ :

Rem
B)’ _S“'Va"ﬂh‘ﬁ’S:OYWGVA. ‘Cow\Pu,‘f'a-[-{or\rJ we kaVQ
?(‘(' x{' . xf x-{-
= [ L A 4 (deg >3)
Teexd=s (1)L (f-59 ~ ol +35 [ *0ep>
x” %~ - X AT ¢



Pk.ootﬁ; to‘f; Lemma ‘1—9

e Strut pavt

&+
The strut part of X'Z(TY) cincides with +he linking matrix [~

x ?‘4« v
A(X.4Y:v) is by d(e&\'ni-h‘onj [' +
¥ v
( XPZY) and A(X.9:V) ave 3Vouplil<es
X~ Y- A+t < .
(*)=<[E+'{+“,+ff}_\_l_(Y—payt)‘, l:—-'. ]..L(Y—qut)7
- - vy v
17C1~ / )
= i v \ rt
[‘r.+‘r+]lL[v' }J'(YPQ
20~ | €3
I B AR TR S
V- Y+ Y-
A~
R SH(X) = < {,‘h] / [é + ] Y- powt)>

s grouplike
Since X presevves Coproducts x* =2 (T?) s erouPl\'ke),
and A (X, 95+) is also grouplike by definition

Th 3.6 (TMMW)

D.E € 99\(¢ CU S) : grouplike .

If Der E is S- substantial , <E,DDs is group lilke
Since N (e, %45r,) LA (-, 95r)

19+ - substantial P
() is alse grouplike by Thm 3.6

S 0= T

o o X
1) (Yopart) >,
- + =z

is also @lrouplfke



: 4=t
- ‘“"‘}

For 220, Wedenote

g = T 7L - 1L T (9%, 97)

- ' %
= vyLuUstu {, < *@7 Al gisvi)m oA

CEg r?),x“z(‘r;’)z
S A(g,LatyLal)

Rem

i+
Ty s o 3roup\\'\=e element  and the strut part is. lo{g_z [1% ! ]
L

1=

Lemma 4. 10

M c XCO‘O% (WIJ W‘L\/
N e icobz (Wa, we)

Then, XTZ(MN) = x'Z(M) o Ty « X2 (N
Proo*}‘;

(B.,7) :  +he bottom -top - tangle corr. to M,
(C.v)

) N
(K.®) : & swqery presentation of (B.7),
(L,v) 4 Cc.v),
MoN = T:;L & surgevy along KU 3*U Tq U U~ U L .
TUK "‘Il’

Step|l  Ox (KUTOUL) = 02 (K) + 01 (L) + %
® Lk(KuTUuL)

Lk(w Lk(L,v™) O O
Lk (v, L) Lk (") -1g o) .
= o S 1. Lk(¥9)  Lk(¥* KD
0 0 Lik(k.¥%)  Lk(k)
S / \ J N /
L T

I<



i

Devmfe
Ie O o 0
o= | ~LkLDLKWT T, O O .
B 0 o Ip -Lk@'K)LK(K)
© 60 © Tk
Then, we have
Lk (L) o O O
Pk (KUTY LY. P2 o X~ -TIg O
) O ~TIg A+ O
O o o) Lk(K)

s

wheve  X_=L1lk(V) =Lk~ ). k(W™ LElL V),
X+ s Lk (3 = Lk (¥ K)- L (R L Cloot)

A lﬁomdoﬂica\ argument shows X4 = Lk[—-t,l‘lg(ﬂ)
and by Lewma 2412 Lk g (%) = 0.

Thus, we obtain T (KuTuL) = 0 (k) + o+ (L) + 7y

Step2 L RECEL

/"—__—H\
Z (Mo N) = U+-6'+(|<UTUL)LL :c’. (kuTUL)
AL SRO(kUTUL) X‘;to(KUTUL) Z ((kuTOL) Y (¥"vvt))

(x) .

1



43

] ’U"f'
< N~ I |
Z(LVv v*‘)v_ XL B0 U
C ¢ C 4
T
) _ 9
(K) = 2k o Xh o XL 20T T ) Z ()
/—\T‘}, Yl N\
u’b’{' ~— —
Z(KY ) Xk Z(KY Uy
T NT  — )

Tt is known +hat (18GRT2) Prop2.11 )

To(KUTULY Svtn S7cot< 7T L

when Lkgy3(K) and Lk[_\,ﬂz(\—) are inveytible .

Recall that Z(B.?)= U;™*Wy U ™" S

Z (Cv) = Uy U

X'-{ﬂ‘ol. Z (Lv % ?)
T(K k‘Z(KvU‘a“)

Thus, we have
Ta
\___.j‘
Z(C.w
| NV
N~— 4
2MeNY = USuuPuf gl oz @ ?
/""_\f:_;_
Z(8B.¥)
N
(k)
ie&} §e§}<&gJ—QJ—'¢1J o cc
f\/\/\/\/\-/\/\/\/\/\/\/\/ww \1 < .« -
'X:q,-\z—((jﬂ_} WG] 0 'X-\z-* Z (B, '0”7 >
T << tT 1
oo o odd d
/\/\/\M

=< S e.st { A(abre) L Alcds$) X2 (™) Vb4 )

X Z (V) UL X0 Z(B.XY D)
Set Ty= UL U2 §, o0 <A Cabre) i ledss), X3 nzh"wbd
x*ZMe N) = x'Z2(M)=Tg = x* Z(N).

Then, we have



- Lemma 4.12 i
R — .
M a Lagyanaian 2 - cobovdism Svom Fg To Ffr .
ZIM) = XJ, Z(M)eTq € A (&, 19170 14$17)
(s qrouplike and its st part Iis [%L(.M)]
PV'OO‘S-
(B,'}) :

& botom=-top §-tangle in q homolody cube corr. to M|
Z(M)= X" 2 (B,2) e Ty .

X" Z(B.¥) is grouplike by Lemma 3.1

and
o

is . by Lemma 4.9
By Lemma 4.5, the composition ¥ Z (B.¥) > Mg s 3koup(ike.//
Thm 4 13

Z : Lloby — TFA is a tensov - preserving  functoy .

Proo §
W+ won-ass. word of length q.
By Lemma 4.12, Z preserves the composition law .

For ™M € & Cobg(w,w) and
Z(MON) Y Z (TN © Toun

(2 M@ ZMN) - Ty

('zM @ X' Z(N)) - (T ®Ty)
ZM)® Z(N) .

3

1]

1

{1

+
Since Z(Idw) is grouplike , we dencte  Z (Tdy) < Yi’: E,I_] L %Y(Iolw)_
_ ' M-pavt
We denote Z(Tdw)=d+T (i-deq> <)

Then, by the equation 2 (Tdw) = 2 (Tdw o Tdw) = Z(Tdy) » Z (Tdw)
we have T =2T_, je, T=g

Thus , we obtain %.Y(Id@ =9



8 Magping class group & LMO Functov

The wmonoid Cy2 (Fq) of homlogy Cy[inol,eV‘S

(M.M) is 4 homolosy cyifndel/

S (M.m) is & cobordism From Fy to Fq
st Mz :H,(F@)-—; H, (M) is an isom
and M+ = m_,

Rem

—

I( F@) 1= Key ( MCG(Fs) = Aut Hl(FZa,}) ! Toyellfaroup )

I(;:‘%) P Cy—Q(F%_} - CiCob(%—/%\_
h s (Fax 13 (TAx{4t) L Chxi})

A choice oF non-ass word, e.q. W= ((-((o0)e))) ¢

SA(g.9)

gves o boneid oo T (Fy) o g co(wow) B
\.eh'm\a
_ [0 Ig
M € Gd (Fa) & k(M) = ( i O),
Denote
~Y +3s .Y”Pa""’ Y 4 -
ZY¥ 1 T(Fq) —SA(8.9) — AY(Lg1tyrar) .
Rem . g
For D.E € CyQ(Fg) | Z (D)= [ +- '*;_'J ] Y(D3
Z (E)= “ ZY(E)
Then,

Z(D-E)= Z(D)> z(E) €e¥A(4.2)

it

= [+ *'].ILZ(D)kZY(E)

-

wheve Kk 4= (Hitminei), (Yiwinic) > gy



‘ = + [+
] 3 ] ! l ! ! 1
3 $ “ } 1 ]
)“ k )\ = 1/‘\ + J/\\ ‘\ + /‘\
PN RN s N 7 \ / \ RN
- ¥ 3~ J A -+
2+ 37 2~ 3% 2* 3° 2 2~ 3+ 2% 3
~ +
{ {
- 3 - +
= 3 [
/“\ ,l! + AN S
R ™~ + Rabtail +
2 3 2Q 3 l_ v ;N 3

Thm 3.13
M e C){,Q(Fg) _

If MY is its Fivst honvan}shihg Johnson howmo. ,
then +he tvee part of ZEY(M) is equal to
g+ Ta(M) + (i-deg>n))

Example

L4 -

ZM(te)s $-2 &+ L %l ¥ li-degz3)

it i+ B Py

l a 'I ‘ \\ ,,

3 -3 et € Tlte).
I~ | 0(\ dl

27 T(F) — {units of (AY(L31%0 1917) , #) | is injective.

© 0 it o~ A
YO Y Fg [V\) = | ) m l(ek T = :D{
" o n=o n = t //
lower
cental

series

-5

Lg¥



5-3
For M€ GA(R) with  We(M)=wy(M) = (o) e) - #) :

denote M = €%, Mo V(‘% e £Cb (¢, )

wheve ¢ = E c LCob (. 2), V(:JE € LGb (2, ),

Thm 8. 2%

(1) Z (M) 2(ZYM) /im0, im0 ) € AS)

~ s A1) :
and (’-.'}‘Coora\inafes- 0¥ Z (L’l) are equal to - ( Casson mv.)

) Foy M,N € GA(Fg),

AMNY) = A(M)+ ACR) + 2 (the 5 ~coordinate in T.(M)*D(Wl

Cov B.6
Me 2 (Fy) | S\t

M A (Fyx o), idwiott, dxdit)

Thew, %Y(M) =g+ (i-deq 2 k) |
Cov

For @ € T(RYIK, 2(@)= @ + (i-degz k).

Lemma S.S

M€ L Cobg (W, ) which {s presented as Sollows:

v
Mz \\/:/L /:/)\ wheve L is a +tangle in r-1,13

/
CL . wWith Wy (D= (V/. hny) | We (D= (We b)),




t+ (i-deg= 3)

-
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K74

G+

|
3

/
.-y
!
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1
4

=

1
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